Introduction
For a nitely generated virtually free group ? denote by m ? the least common multiple of the orders of the nite subgroups in ? and let b ? ( ) = number of free subgroups of index m ? in ? : Growth behaviour and asymptotics of this function b ? ( ) have been investigated in two previous papers M1] and M2]. In M1] we also introduced an equivalence relation on the class C of all nitely generated virtually free groups by setting ? 1 ? 2 :, (m ? 1 ; b ? 1 ) = (m ? 2 ; b ? 2 ) ; i.e. two groups ? 1 and ? 2 are identi ed via if and only if ? 1 and ? 2 contain the same number of free subgroups for each given nite index. We gave a characterization of this equivalence in terms of a certain structural invariant, the type (?) of ?, and we showed that each {class decomposes into nitely many isomorphism classes. Hence, one can say that a group ? is \almost determined" by the combinatorial datum (m ? ; b ? ).
The aim of the present note is to introduce a coarser equivalence relation a into this context, which classi es groups by the asymptotic behaviour of the number of free subgroups of given nite index, and to characterize this equivalence a again in terms of structural invariants. We show that the a {class of a group ? = 1 (? (?) The following result provides the desired structural characterization of the equivalence a .
Theorem. (ii) (? 1 ) = (? 2 ).
(iii) m (? 1 ) = m (? 2 ).
for j = 1; 2; :::; r; where m = p 1 1 p 2 2 :::p r r is the prime decomposition of m.
Observe that in view of (1) Corollary. A a {equivalence class of nitely generated virtually free groups contains only a nite number of non{isomorphic groups.
This follows from the above theorem and M1, Prop. 4].
By de nition, the type (?) of a virtually free group ? = 1 (?(?); Y ) depends solely upon the graph Y and the order of the vertex and edge groups but not upon the internal structure of the ?(v) and ?(e). From (2) 2 r and mr (? 1 (r)) = mr (? 2 (r)) = 0. Moreover, concerning the other -invariants, we nd the following: 2 s(? 1 (r)) = 2 s(? 2 (r)) = 0 for 0 s r ? 4; 2 r?3(? 1 (r)) = 0; 2 r?3(? 2 (r)) = 1; 2 r?2(? 1 (r)) = 3; 2 r?2(? 2 (r)) = 0; 2 r?1(? 1 (r)) = 1; 2 r?1(? 2 (r)) = 3 :
Hence, i.e. condition (iv) is also satis ed, and we conclude from our theorem that for each r > 3 indeed ? 1 (r) a ? 2 (r). Note also that m r strictly increases to in nity as r ! 1, hence (again by our theorem) pairs of groups f? 1 (r); ? 2 (r)g constructed to di erent values of r belong to di erent classes with respect to the equivalence relation a . On the other hand we have (? 1 (r)) 6 = (? 2 (r)) and therefore ? 1 (r) 6 ? 2 (r) by assertion (2). It follows that the three equivalence relations on the class C given by (i) isomorphism,
(ii) the relation and (iii) the relation a are all distinct.
It is interesting to compare these results with the situation for the function s ? (n) counting the number of all subgroups of index n in ?. The asymptotic behaviour of s ? (n) has been analyzed in a recent paper M3] for groups ? of the form
G F r ; 0 r; s < 1; 1 < jG j < 1;
i.e. free products of arbitrary nite groups and a free group. As a consequence we also 
holds for all integers m; K > 1. Indeed, there is nothing special about the modular group here. The same result (4) holds for example, if we replace PSL(2; Z) by any cyclic cover ? = C a 1 ::: C as F r in F such that (?) < 0, and then lift to a sequence of groups of the form This type of phenomenon will be pursued more systematically in a separate paper. As a consequence of (4) This is M1, Theorem 5]. We will also need an observation concerning real sequences.
Let R N be the R-vector space of all real sequences, N the subspace consisting of those sequences (n) for which lim n!1 (n) = 0, and let ? : R N ! R N =N be the canonical projection.
Lemma. Suppose that 1 (n); 2 (n); :::; N (n) 2 R N are such that (a) 1 (n) 6 2 N, (b) (n) = o( +1 (n)) for all 1 < N: Then 1 (n); 2 (n); :::; N (n) form a set of linearly independent vectors in R N =N:
Proof. We show by induction on that the sets f 1 (n); :::; (n)g R N =N are linearly independent for = 1; 2; :::; N. The case = 1 is just assumption (a). Assume inductively that the set f 1 (n); :::; (n)g is linearly independent for some ; 1 < N, and suppose that +1 (n) 2 D 1 (n); :::; (n) E ; the subspace generated by 1 (n); :::; (n). Then there exist real numbers 1 ; :::; such that +1 (n) + 1 1 (n) + ::: + (n) = o(1) (n ! 1);
and since the left-hand side equals +1 (n)(1 + o(1)) by (b), it follows that +1 (n) = o(1). Applying (b) once more yields
which contradicts the induction hypothesis. 
By our lemma the functions of involved in the exponent on the right-hand side of (8) represent a set of linearly independent vectors in R N =N. Hence (7) implies conditions (ii) and (iii) as well as K ? 1 = K ? 2 .
Next, observe that for a group ? = 1 (?(?); Y ) in C the rational number ( Q v2V j?(v)j)= ( Q e2E j?(e)j) is independent of the particular decomposition of ? in terms of a graph of groups (?(?); Y ) and can be expressed in terms of the type (?) via If, conversely, conditions (i) -(iii) plus equation (11) are satis ed for our groups ? 1 and ? 2 then using (9) again we nd that K ? 1 = K ? 2 and ' ? 1 ( ) = ' ? 2 ( ) and ? 1 a ? 2 follows from the asymptotic formula (6).
We claim now that assuming (i) the conjunction of (iii) and (11) Recall that a nite extension ? of C 1 is the fundamental group either (a) of a single loop with nite vertex group and isomorphic canonical embeddings or (b) of a segment of nite groups with canonical embeddings of index 2; see for example St, Sect. 
